Various yield formulas are described or developed where cheese is considered as a three-phase system of fat, paracasein, and water and water solubles. Type A formulas distribute moisture, whey solids, and salt proportionally to both para-casein and fat in cheese. Type B formulas include whey solids and salt with the para-casein and distribute moisture proportionally to fat and fatfree cheese. Type C formulas include whey solids, salt, and moisture only with para-casein. Type E formulas are those based on actual cheese making. Types A, B, and C formulas were developed from the basic yield formula of yield equaling recovered fat plus comple x of recovered para-casein and calcium phosphate plus cheese whey solids plus cheese moisture. Jt would appe~r that they could be applied to most var~ eties of cheese. However, research IS needed to verify con stants in predictive formulas under commercial conditions.
tion of moisture bound to para-casein that does not contain whey solids.
The merits of targets of constant moisture in cheese versus constant moisture in the fat-free cheese are discussed; the latter is desirable for quality and for sensory considerations when the casein: fat ratio in milk is not constant, particularly for reduced fat variants of cheese varieties. Type A and type B formulas use moisture; those of type C use moisture in fat-free cheese.
Predictive yield formulas from milk composition are discussed for application in ind ustrial or experimental cheese making. They can serve as targets for yield, as a base in expressing actual yields as percentage of theoretical yield , and for application in multiple component pricing of milk.
INTRODUCTION
There has been interest in relating the yield of cheese to components in milk since the last century. Van Slyke (48) , Babcock (3), Shuttleworth (45) , and probably others correctly related yield of cheese to the amoun~ of fat and casein in milk. Out of the work In New York state arose the well-known formula of Van Slyke and Price (51 )(VSP) published originally by Van Slyke and Publow (52) ; Babcock (3) also published a formula. In other classical work, McDowall (37) observed a different relationship between milk fat, casein, and yield of Cheddar cheese in New Zealand. Posthumus et al. (42) a detailed formula for the yield of Dutch-type cheese; Lolkema (30, 31) described practical formula s for the same cheese; these formulas could be applied to other cheese varieties, such as Cheddar, by changing constants.
Yield is of basic importance to the cheese industry. Small differences in yield translate to large sums of money for cheese plants. On a national scale, a yield difference of .1 % for cheese, worth $5.00/ kg, makes a difference of $1 ,250 ,000 annually in Canada, and about 10 times that in the United States.
Sophisticated yield formulas are used successfully in The Netherlands to help control moisture content, cheese yield , and cheesemaking efficiency (30, 42) . If actual yield is larger or sm a ller than predicted, this indicates higher or lower moisture content t han is desired or legal, signaling a change in ma nufacturing procedure. Not all, however, advocate the use of predictive yield formulas , preferring to control cheese making by monitoring critical losses and components of cheese (20 , 40) . For those who have not been privy to what has led to those divergent conclusions, it is useful to examine both systems critically. As a first step in this examination, a review is of yield formulas is necessary.
The purpose of this paper is to present some new "general" cheese yield formulas as well as to review some established formulas. The paper examines their interrelationships and their characteristics relative to certain applic ations. This is relev a nt to other studies on the effect of enzymes and other treatments on cheese yield , on mUltiple component pricing of milk, and on the control of industrial cheese making.
Considerable material is in appendices. It is intended, however, that the main text should be readable by itself with reference to the Appendices only for more detailed explanations if the reader wishes, except for Appendix I, which contains terms and abbreviations used in this paper. This amalgam of abbreviations describes various terms from other authors , since no one system could be used . Hence, some quoted formulas are not exactly as originally described . The other appendices are to assist in understanding the derivations of the various formulas by those who wish to modify , adapt , or compare them.
Journal of Dairy Science Vol. 73, No. 6, 1990 General Considerations
Yield formulas can be grouped into two general classes, those based on a target composition of cheese (types A, B, C, and D) and those derived from actual yield of cheese from milk of varied composition (type E).
In the first class, there are at least four general types of formulas. These assume that cheese consists of three phases -fat phase, para-casein-network phase, and water-soluble phase -with the last consisting of water and soluble solids. These three phases are clearly shown in Figure I . Figure 1 a is a scanning electron micrograph showing the globular fat as a discontinuous phase in the continuous fat-free phase . Figure I b is a scanning electron micrograph offat-free cottage cheese showing the para-casein network and the interstitial water phase, both continuous phases.
The four ways of looking at cheese are illustrated in Figure 2 . In Figure 2A , whey solids , salt, and moisture are distributed proportionally to fat and para-casein (type A formulas) . In the second (B), whey solids and salt are included with the para-casein to form fat-free dry cheese, and moisture is distributed proportionally to fat and to fat-free dry cheese (type B formulas). The terms "fat-free" and "fat-free dry" cheese are used frequently; the latter is the complex of para-casein and calcium phosphate, plus the whey solids plus the salt, i.e. , the cheese minus the fat and moisture. In the third (C) , moisture, salt, and whey solids are distributed only to paracasein (type C formulas). In the fourth (D), salt, whey solids, and moisture are tre ated together as a water phase and all phases compared on a volume basis; partial volumes of .9,1.0, and 1.6 g/ml were used for fat, water, and other components, respectively (type D formulas). The concept of cheese in Figure I indicates that the water phase belongs with the para-casein as in formula types C and D and not as indicated in A and B.
These pictures of cheese components are compatible with a general formula: Yield = cheese fat + complex of para-casein and CaH 2 P0 4 in cheese + cheese salt + whey solids in cheese + cheese moisture ,
Figure I. The three-pha se nature of cheese: fat, casein. and water-soluble components. Scanning e lectron micrograph (A) of Cheddar cheese showing di scontinuous p hase fat g lobules (F) and continuous ph ase fal-free cheese (P). Sca nnin g e lectro n microg raph (8) of fa t-free cO ll age cheese showing strands of casein with int erstiti al water-so luble materials (W In theory , the y can be expressed on a weight or volume basis: weight is used this paper. It s hould be noted, for example, that cheese salt is not the level of salt in cheese but rather the amount of salt in cheese from 100 kg of milk and equals the level of salt times yield. The other general class of yield formulas is termed type E; these formul as are derived from actual cheese making under relatively constant conditions to produce cheese of quality as uniform as poss ible. Table 1 lists general formulas of types A , B, and C. Their derivation s are described in Appendix 3 from the general Formulas I and 2. 
T ype B. formulas where sa h and whey so lid s are included on ly with rara-casein and moisture is distribut ed proportion a ll y to fa t a nd rat-free dry cheese.
pcCaH 1 P0 4 in cheese
(Fraction ofpcCa H1PO. in I -M fa t-free dry cheese) 
Lolkem3 (30) Y (Gouda) = [F . (35 , 36,47) . Table 3 lists Journal of Dairy Science Vol. 73, No. 6, 1990 the equations of types A, B, C, and E from Tables I and 2 , which have been reduced to simple equations using the constants in Appendix 2.
Type A Formulas
In a type A formula (Table I , Formula [3] ; Figure 2a ), salt, whey solids, and moisture are distributed proportionally to both fat and para-casein. An important feature is that, as a predictive formula, the moisture (M) content of the cheese is indicated , as compared with indication of moisture in fat-free cheese (MFFC) in type C formulas.
Type B Formulas
In a type B formula (Table I , Formula [6] ; Figure 2b ), salt and whey solids are distributed only to the casein; moisture is portioned to both fat and para-casein. The type B formula considers para-casein, calcium phosphate, salt, and whey solids together; these can then be compared to fat as in fat in dry cheese (fat in DM). This conforms to many cheese standards. It is apparent that any of the fat-free dry components (para-casein, CaH 2 P0 4 , salt, and whey solids) could substitute for each other in the type B concept of cheese a nd cheese yield.
Like type A formulas, moisture content is indicated. Other factors are also indicated , but in different ways, such as fat in cheese (FC) and salt in cheese (SC) in type B(a) and salt in dry cheese (SDC) and fat in dry cheese (FDC) in type B(b) .
The type B(a) formula uses a constant Fe. The type B(b) formula is similar to that of PBK ; it uses a constant FDe. In milk of variable fat and casein content, the res ulting cheese would not have a fixed FDC or a fixed FC The FDC and FC can, however , be estimated in a predictive formula by a seri es of iterative cyclical calculations (see Appendix 3); this exercise is relatively simple using a computer. In practice, a constant FDC or FC can be used where milk is standardized to a constant ratio of casein: fat and moisture is constant.
Type C Formulas
In type C formulas (Table I, Formula [9] , Figure 2c ), salt, whey solids, and moisture are portioned only to para-casein and, as a result, moisture appears in the equation as M FFC The MFFC instead of M is the important feature of this type of formula.
Type D Formula
Type D formulas were not developed . They would be based on volume. They would seem to be theoretically more appropriate, because texture , etc. depends on s patial relationships , which in turn depend on volume. The water-soluble fraction in cheese should be considered instead of water alone. The volume occupied by fat is greater than that expressed by weight. The volume occupied by paracasein, per se, is less , although this is complicated by the para-casein occupying a greater volume by inclusion of water and water-solubles within its micelles. Type D formulas are not pursued at this time .
The Factor Kc Some formulas in Table I use Kc, which represents a proportionality factor for the fraction of milk casein retained in the curd. It depends also on losses of para-casein in curd fines and in whey; retention of CaH 2 P0 4 in the complex of para-casein and calcium phosphate; and losses of the glycomacropeptide (GMP) through the action ofchymosin.
The PBK paper highlighted the importance of the loss of GM P and of the retention of Ca and P and curd losses in retention of casein in cheese. Van Slyke (48) recognized the solubilization of some casein and curd losses in cheese making, which is part of the .1 in the VSP formula.
The Kc was estimated for Cheddar and Gouda cheeses as 1.01908 and 1.03038 where the solute-exclusion factor (sef) (see later) is 0 and as 1.01813 and 1.02956 where sef is .5 (Appendices 2 and 4).
Type E Formulas
Tables 2 and 3 list six type E formulas that have been developed from cheese making practices designed to produce cheese of uniform quality by procedures as constant as possible. Four formulas are similar (Table 3) : Constants for fat in the Babcock (3) , McDowall (Walker) and (AOAC) (37) and Eino (14) 1372 EMMONS ET AL.
TABl.E 3. Summary of formulas for Cheddar and Gouda cheeses reduced from those in Tables I and 2to composition of milk I and cheese in Appendix 2.
Formula Reference
Type A formula Cheddar cheese [24] Van Slyke and Price (51) [25] General A(a) and A(b): sef2 = 0 (26] General A(a) and A(b): sef = .5 [27] l.elievre et al. (29) (.37 iv/)
Gouda cheese [28] General A(a) and A(b) [29] General A(a) and A(b)
Type B formulas
Cheddar cheese [30] Posthumus et al. (Appendix 6) [31] Lolkema (Appendix 7) [32] General B(a) and B(b) [33) General B(a) and B(b)
Gouda cheese [34)
Posthumus e l al. (42) [35) l.olkema (30) [36) General B(a) and 8(b) [37) General B(a) and 8(b)
Type C formulas Cheddar cheese (3 8] Modified Van Slyke and Price (15) [39) General C(a) and C(b) [40) General C(a) and C(b)
Gouda cheese [41] General C(a) and C(b) [42] General C(a) and C(b)
Type E formulas observed in cheese making Cheddar cheese [17) Babcock ( Early (55) and more recent (20 , 28) work showed that extra fat in cheese seemed to carry with it only s mall, although significant, amounts of moisture (to to 20% of the weight of fat). Added to the recovery of fat of .93 (plus .1 to .2) , this corresponds closely to the fat constants in the type E formulas. Nevertheless, the most important factor in moisure retention in cheese and in yield is casein, and it is respon sible for retaining more other components in fat-free cheese than its own weight ( 19) .
Other formulas have been developed but have not been considered here because the forms of the equations made them difficult to compare. The Maubois and Mocquot formula 35, 36) is based on the sponge theory (47) that cheese consists of a para-casein matrix that acts as a sponge for the other components. Ban ks et aJ. (4 , 5) developed several formulas with constants independent of fal and casein and similar to those developed by Eino (14) ; one of these, Formula [22] , gave the best fit for yields from both standardized and unstandardized milk; in the mathematical development of the formulas, fat and casein were given equal weighting. Lelievre et al. (27 , 29) developed Formula [\3] by blending formulas by Van Dam and Janse and by Van Slyke and Price [51] .
Comparison of the Formulas and Discussion
Whey Solids and SaIl in Formulas. The general formulas (types A, B, and C) and the PBK formula have a factor for whey solids (Tables 1 and 2 ) . This is significant where moisture varies considerably, as pointed out by Maubois and Mocquot (34). Table 4 shows that the level of whey solids in cheese increases as moisture increases. Not only do levels of fat, pcCaH 2 P0 4 , salt, and whey solids change when moisture changes, but their relative proportions also change. TABLE 4 . Amou nt of whey solids and whey in cheese of increasing moi sture content, and yield' of cheese with the Van Slyke and Price (VSP) formula and with the type A(b) formula [5] wh en sa lt is included in different form s.
Cheese composition VSP Formula [12] So lut eYield increases wh en exc luding Whey Percentage higher increase in yield than with the VSP formula using the type A(b) formul a ba sed on 
.30
38
. Those formulas that have a separate factor for whey solids result in higher increases in yield than the VSP (51) and Lolkema (30) formulas that do not. It should be recognized, however, that the Lolkema formula (30) has a factor for lactose that should change for different varieties of cheese.
With respect to the form of salt in the formula, the two in which SC: M is constant result in the largest and identical increases, followed in decreasing order by SFFC, SC, and SOc. With SCM, both salt and whey solids increase in direct proportion to moisJournal of Dairy Science Vol. 73, No. 6, 1990 ture. With SC, the salt is constant only in the cheese; the added water dilutes the dry cheese. With SDC, the salt is constant only in the dry cheese, which decreases as the moisture increases. The SC is likely to be the form of choice for salt in the formulas because standards usually specify salt in cheese. However SC M may also be useful where the standard is for SC M (19, 20) . Figure 3 gives trends. Table 4 gives comparable data for the increases in yield for the Obviously, whey solids in moisture are important in yield. Maubois and Mocquot (34) recommended adjustment (adj) of yield for whey rather than for moisture alone:
where obs = observed.
[ 47]
In summary, adjustment of yields to constant composition should include not only moisture but also whey solids and perhaps salt. Careful consideration should be given to whether constant M or MFFC is used and to the form of salt in the formulas.
Solute-Exclusion Moisture. The level of whey solids in cheese is not certain. Nor is it certain that all whey components are retained in cheese in the same proportion. There is evidence that all water associated with paracasein is not free to act as asolvent (Appendix 9). Para-casein has 2.5 times its weight of water associated with it in such a way that the water is unavailable as a solvent for whey proteins (23) . Similarly, para-casein has .5 times its weight of water associated with it in such a way that it does not act as a solvent for lactose (38, 39, 53 , 54) . In this paper, sef of .5 is used for all whey components . The general formulas are given with and without sef. Appendix 9 gives further details.
Calcium Phosphate. In addition to whey solids, caJcium phosphate (in association with para-casein) forms a significant part of cheese (42) 4 are associated with the paracasein during coagulation and the early stages of cheese making; in the final cheese at a lower pH , at least some is dissociated into the water phase (I I).
Types A, B, and C Formulas. Figure 4 shows only a slight difference between formula types A and B in their predicted yields from milks of different composition, whereas those of type C are quite different, which is expected because type C formulas place different emphasis on fat and casein in the milk.
When only fat is increased ( Figure 4a ) and casein is constant, yield increases are greater in the order of C (lowest), then B, and then A. The difference between A and C for an increase of .1 % fat is .66% yield.
When only casein is increased (Figure 4b ) and fat is constant, yield increases are greater in the reverse order of A (lowest) , B, and C.
The difference between A and C for an increase of .1 % casein is .99% yield.
When milk casein and fat both increase in a ratio of casein: fat of .4 (50) (Figure 4c ), yield increases are greater with C lowest, B intermediate, and A highest. The difference between A and C for an increase of .4% fat and . 16% casein is 1.09%. The differential per unit change in a component is less than in Figures 4a and 4b because the other component changes also .
When fat and casein both increase in a constant casein : fat ratio of .68444, as when milk is standardized, there are no differences among the formulas (Figure 4d) . If the compositional factors are approximately constant, then types A, B, and C formulas give similar yields. The ratio of .68444 is that of milk containing 3.6% fat and 2.464% casein (Appendix 2). However, if the milk is standardized to casein : fat ratio other than .68444, the ratio at which types A, B, and C formula s are equivalent, then the formulas result in different differentials (not shown).
The type B formula would be preferable to type A, where cheese of a constant FOC is made. It conforms to Model B (Figure 2b ) where the moisture is distributed proportionally to the fat and a combination of paracasein complex, whey solids, and salt. The type B formulas result in a slightly greater emphasis on casein with a higher casein : fat ratio (Table 3) .
There is little difference among the type B formulas . The Lolkema type formula has application where protein in milk a nd whey can be measured side by side. The PBK and general formulas would apply but require determination of casein in milk either directly or from seasonally derived a (conversion factor for milk protein to the complex of paracasein and CaH 2 P0 4 ) or A (casein numbers) of local milk protein (42) . The estimation of casein from protein is important and will be discussed in a later section.
Comparing the type C formula with types A and B formulas is more difficult. Types A and B apply where cheesemaking conforms to making cheese of constant moisture. The type C formula applies where a constant MFFC is needed. These applications will be discussed later in this paper. Certain assumptions were made in deriving the formulas in Table I . There is a need, therefore, that such formulas be verified by experimentation using current methods of analysis and measurement. For example, we understand that the VSP formula (52) was derived from data where protein was estimated from nitrogen by a factor of 6.25 (49) , instead of 6.38; thus, the VSP formula would be expected to overestimate yield by 2.1 % Journal of Dairy Science Vol. 73, No. 6, 1990 today . Further, our best estimations of The Netherlands formulas for Cheddar cheese give slightly higher yields than the general formulas (sef = .5) ( Table 3) .
Casein to Fal Ratio in Formulas. Table 3 lists the various equations reduced to only factors for F and C, using the constants in Appendix 2. As expected , the relative contributions to yield for casein and fat differ and are about 1.09 : I, 1.24 : J, and 2.83 : I for types A, B, and C formulas (sef = .5) . The relative contributions in type E formulas [17] , [44] , and [45] For Cheddar cheese, yields ranged from 10 . 120 to 9.414 kg of milk. Where possible, the formulas were adjusted to give cheese with moisture of .37 . The general (sef = .5 and 0) , Banks et al. (5), Lolkema (30) , and PBK formulas ranged from 9.823 to 9.985 kg. The VSP formula predicted a yield of 9.885 kg, which was .9% lower than that from the general formula (sef = 0) and .5% higher than that of the general formula (sef= .5). As noted ( Figure 3 , Table 4 ), most would be close to those of the general formulas only at .37 M.
Th eoretical Versus Practically Derived Formulas. There is merit in using a theoretically derived formula for predicting yield as compared with one derived from actual cheese making. There is a danger of building into the latter errors inherent in analysis and cheese making at the time of the experiment. Accuracy demands that the scope of the experiment covers all essential situations; for example, Banks et at. (5) developed different formulas for seasonal and standardized milk. Such formulas may predict too low or too high . The theoretical formula can serve as a target. However, an accurate theoretical formula depends on full knowledge of al.1 factors in transfer of milk constituents to cheese, which may not yet be the case (Appendix 9).
An important application is in comparing an actual yield to a theoretical yield of cheese of the same composition; this could be used, presumably, instead of adjusting the actual yield to that of cheese of a target or standard composition. In this same way, theoretical yields of two processes could be compared in which, for example, different amounts of whey proteins or of CaH 2 P0 4 are retained or in which rennet is not used (Mod ler and Emmons, unpublished data) .
Moisture in Fat-Free Cheese
The MFFC is important for cheese quality and for use as a regulatory tool. The quality of cheese is related more closely to MFFC than to moisture alone (20, 25, 37 , 41 , 43 , 56) ; thus it is logical that MFFC would be more important than moisture alone if salt in moisture is also considered and if the casein and fat vary relative to each other in the cheese.
Another aspect of quality is firmness . The MFFC is the major factor for classifying cheese varieties according to firmness by the International Dairy Federation (7) ( Table 5) and was developed as a result of early work by Schulz et al. (44) and Kay (24) . This classification is based on the fact that cheeses of different fat content would have approximately the same firmness if they had the same MFFC, even though there is some evidence that red uced fat cheeses are firmer at the same MFFC (16). The MFFC concept as a regulatory tool has been recognized in some countries. For example, the Federal Republic of Germany uses it in defining moisture content of Camembert cheese of different fat contents (FDC) ( Table 6 ) (33). The MFFC is 70% in the three cheeses containing 30, 40, and 45 % FDC; equivalent moisture and fat contents are 62, 58, and 56% and II, 17, and 20%. It would be inappropriate to regulate the same moisture content for fat-reduced cheese as for the fullfat version of the variety.
The type E formulas, derived from actual cheese making, are closer to type C formulas using MFFC than to type A and type B The question of accuracy of determination of the casein numbers is a real one in considering published values. Apparently the casein number can also decrease with storage time before analysis due to bacterial and native enzymes (13) . Nevertheless, PBK appear to have successfully used, in commercial practice, seasonally varying casein numbers in their predictive yield formula.
Where applicable, the procedure of Lolkema (30) obviates the variations in casein numbers by estimating casein from protein measurements on milk and whey. The following section considers this for the general formulas.
Application of Analyses of Protein in Milk and Whey to Yield Formulas
Lolkema (30) introduced the measurement of protein in milk and whey to yield formulas. This measurement can be important in certain applications, particularly in cheese factories where both analyses can be easily performed. He used it to estimate recovery of total protein in milk as cheese, including both para-casein and whey proteins. Recovery was (P -Kw' P w ) where Kw was the proportion of whey to milk during cheese making (Appendix 6).
It seems possible to use such analyses to estimate casein content of milk. A possibility is to assume that the protein content of whey is uniform in all parts of the coagulated milk which are not fat or para-casein. Where A = proportion of casein in milk protein (e.g., .77) and /.1 = proportion of para-casei n in casein [e.g., .96) , then: fraction of para-casein in milk = A' /.1' P. [48] Where Km = fraction of whey in milk = fraction of fat-free , para-caseinfree portion in milk Others have examined the question of whether yield formulas are necessary and concluded th a t they are not useful. For example, some prefer to judge the performance of cheese factories on the basis of conformity to a constant (or range of) MFFC (26) and of monitoring fat and casein losses in whey (20, 40) ; inaccuracies in measuring fat and casein in milk result in inaccuracies in yield estimations (20) . However, lolkema (30) and PBK (42) indicate that the use of predictive formulas is a usefu l commercial practice in monitoring efficiency (yield and losses) during and after cheese making. Lolkema (30) used his formula for predicting moisture content of cheese from the observed yield ; as such, values from average cheese ma ka ing are needed for constants such as Kr and pcCl; average values are not necessarily desirable for target values in assessing efficiency or in trying to improve it.
Observed Yield as Percentage of Theoretical Yield
Yield formulas, properly applied , may have a place as targets for cheese makers to measure performance as a percentage of theoretical yield. Such a target may reveal hidden losses during manufacture and improve overall efficiency of cheese production.
In research , it might be useful to express yield and relat ive yield as percentages of theoretical yield. It might obv iate differences in composition of milk among trials and enable comparison of tre atme nts applied to different milks, where it is impossible to make paired vats from the same milk.
Pricing Formulas for Milk
Yield formulas are necessary for multiplecomponent pricing in establishing the relation between milk composition , yield, and milk price (10) . Pricing formulas for milk are ideally based on yield of prod ucts . Considering the different emphasis placed on fat and casein (protein) in the different formula s in T a ble 3, the selection of the correct formula would seem to be critical. This will be the subject of a s ub sequent paper.
Summary and Conclusions
Various yield formulas were described or developed. They have application for predicting yield of cheese of constant composition or for comparing actual and theoretical yields after analysis of cheese. They are developed with a model of cheese as three phases of fat. para-casein, and water so lubles.
Types A and B formulas apply when cheese is made to a constant moisture content. Any of types A, B, and C formulas appear to apply if milk is standardized to a constant C : F ratio and if appropriate constants are used. Type B formulas are preferable where cheese is made to a constant FOC, conforming to Model B.
T ype C formulas have particular applicati o n when comparing yields from milks intentionally varied to produce reduced-fat var-iants of cheese varieties. They also apply better than types A and B formulas for making cheese of uniform composition from milk of variable composition without standardizing the milk. There is justification technologically for standards for cheese based on MFFC and FDC instead of moisture and fat.
Type E formulas were those obtained when relating actual yield to natura lly variable fat and casein in milk . They are close r to type C formulas than to type A and type B formulas.
The types A , B, a nd C general formulas that were developed would be applicable to most varieties of cheese. Those with SC would be more applicable when a constant salt is desired.
The types A, B, and C formulas account for whey solids in cheese and have an important bearing on predicted yield when moisture varies. The formulas were adapted to include a n sef for that portion of moisture bound to para-casein that does not contain whey so lids.
Two formulas for Gouda cheese [Lolkema (30) and PBK (42) ] are based on extensive commercial data and give close yield s, 10 .83 1 and 10. 807 kg, from the sa me milk and other conditions. There is a need for research to refine co nstants in the ge neral formulas in this paper more accurately for different varieties of cheese, e.g., the retention of whey solids.
Cheese yield formulas appear to have application as control procedures in predicting yields and as comparisons in assisting cheese makers to obtain maximum yields. They are central to developing pricing formul as based on yield of products from composition of milk. They may be useful in expressing yield of cheese as percentage of theoretica l yield .
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APPENDIX 2

Type A Formulas
The descriptive ty pe A formula, where whey solid s, salt, and moisture are distributed proportionally to fat and para-casein , is: [29]
The descriptive Type B formula, where whey solids and salt are included only with paracasein a nd where moisture is distributed proportionally to fat and to fat-free dry cheese, is: 1 -
Using factors from Appendix 2 and sef = .5, Formula [7] can be expressed as:
Y(Gouda) = 1.596F + 2.005C 1387 [7] [33]
[37]
Formula [7] contains a factor FC, which depends on both F and C in a predictive formula . Therefore, the equation cannot be used, as such, without going first through an iterative exercise of estimating FC, as noted in the text. In doing this, K r , Kc, SC, M, and WS are constants in the predictive formula. In estimating FC, a preliminary estimate of FC is made, after which an estimate of Y is calculated; then FC is calculated again using F . Kr/ Y; then a new estimate of Y is made and a new FC is determined; the exercise is repeated until two consecutive cycles yield the same Fe. For example, using the data for Cheddar cheese (general formula) in Appendix 2, but without FC, a preliminary estimate of FC of .35 gives a yield of 10.018 kg; using this yield a new FC of .3342 is estimated, which gives a new yield of9.973 kg; this gives a new FC of .3357 and next a new yield of9.977; the new yield gives an FC of .3356, which does not change on the next cycle; the yield then is 9.977kg and FC = .3356. .
This formula is similar to that of PBK in Appendix 5. The general formula type B(b) is similar to that of type B (a) in that factor FDC depends on C and F in the milk; a similar exercise derives the FDC for new F and C. Using factors from Appendix 2 and sef = .5, Formula [8] reduces also to Formulas [33] and [37] for Cheddar and Gouda cheese.
Type C Formulas
The descriptive type C formula is based on M FFC, where moisture, salt, and whey solids are combined only with the complex of para-casein and CaH 2 P0 4 , with moisture as moisture in fat-free cheese (M FFC): Y(Cheddar) = .93F + 2.632C [40] Y(Gouda) = .936F + 2.837C [42] Other General Formulas
Other general formulas can be derived or can be obtained by substitution. For example, a type B formula, in which the salt is present as SC, can be obtained by substituting SCj (l -M) for SDC in Formula [8] . "Salt in moisture" is a common desirable constant in cheese; SC, SDC, and SFFC can be described as variants of SC : M; e.g., SC = M . SCj M where SC : M is a constant. Other examples are that the complex of pcCaH 2 P0 4 can be split into separate factors of pc and CaH 2 P0 4 and that a yield formula can be derived with only the variable C in the numerator: e.g., the sponge type of Formula [23] (35) .
Solute-Exclusion Factor
Appendix 9 discusses the solute-exclusion factor. These derivations did not consider it. However, they can be suitably modified by exchanging WSC or M . WS / (l -WS) by Msef· WS / (l -WS) (see Appendix 9 for Msef), or by exchanging WSFFC or MFFC· WS / (l -WS) by MFFCsef· WS/(l -WS). This has been done in Tables I and 3.  Table 3 Cyclical iterative calculations are used in estimating yield, starting with an estimate of Y for the denominator. A difference of Y of.1 kg in the Y in the denominator makes a difference of .0014 kg or .014% in estimated yield . A decrease in C of. J kg / 100 kg of milk only in the denominator resulted in an increase in estimated yield of .0056 kg or .056%; the same decrease in C of .1 kg throughout the formula resulted in a decrease in estimated yield of .168 kg or 1.7%. A single cycle in determining Y in the denominator from an estimate is sufficient for most purposes. In Table 3 , Y was incorporated in the reduction using the Y calculated by the full formula.
APPENDIX 4
C· Kc
Several formulas use the term "K c ", which represents a proportionality factor for the fraction of milk casein retained in the curd . It depends also on losses of casein in curd fines, retention of calcium and phosphate in the complex of para-casein and CaH 2 P0 4 , and losses of GMP through the action of chymosin. Curd losses can and do vary, but in predictive formulas for target yields, they should be the best attainable . In this paper, curd losses (pcCl) were those of PBK, viz., .022 kg of para-casein / LOO kg of milk . The pcCl / (~ . C) were estimated as .00930 and .00897 for Cheddar and Gouda cheeses. The pcCl could be left in the formulas as a separate factor; C . Kc would become (C . Kenow -pcCl), which is closer to the formula of PBK.
Posthumuset at. (42) calcium phosphate. The contents of Ca and P in cheese varieties vary. For example, the Ca and P content of Cheddar cheese is reported as 721 and 512 mg and of Gouda cheese as 920 and 520 mg / LOO kg of cheese (17) . Assuming that para-casein contains. 9% P (21) and that Cheddar and Gouda cheeses contain .2356 and .2352 of para-casein, their contents of CaH 2 P0 4 are 1.66 and 1.89%. This is a significant part of cheese.
However, Ca a nd inorganic P0 4 in the whey portion of cheese would be counted twice, once in the whey solids and again in the CaH 2 P0 4 fraction (Emmons and Maubois , unpublished). Calcium and P could be determined directly in the whey, which is used in the formula. They could also be estimated from the concentrations of Ca and inorganic P in cheese and in milk and from the amounts of cheese and whey produced , which was done here. Using the above levels in cheese and 119 mg Ca and 89.6 mg P (67.4 mg inorganic P) / 100 g of milk (17) , and yields of 9.9 g of cheese and 90.1 g of whey/ 100 g of milk, concentrations in Cheddar whey can be estimated as 52 mg of Ca and 43 mg of inorganic P / 100 g whey for a tota l of . 19% CaH 2 P0 4 in whey . Calcium and P in Gouda whey were estimated as 65 % (.042 / .065) of the calculated values , because whey was diluted about .065 to .042; yields were 10 .8 g of cheese and 89.2 g of whey . Estimates for whey were 21 mg Ca and 37 mg P / 100 g whey for a total of .14% of CaH 2 P0 4 in whey. A soluteexclusion factor of .5 was used , although it is likely less than .5 for Ca and H 2 P0 4 , which are sm a ller molecules than lactose (53 The formula of Van Slyke and Price (5 I) was originally described by Van Slyke and Publow (52); it assumes I) that 93% of the fat in milk is recovered in cheese, 2) that .1 kg of casein / 100 kg of milk is lost as curd fines and "soluble" casein, 3) that salt and whey solids in cheese equate to 9% of the fat and paracasein in the cheese, and 4) that the cheese contains, or is targeted to contain, a constant moisture content. Thus, it is a type A formula. If.1 equals 4% of the casein, then :
The 4% is approximately equal to the glycomac ro peptide lost by action of chymosin (See Appendix 4). The formula can be further reduced, if M = .37, to:
[24]
APPENDIX 6
Formula of Posthumus et al.
The General Formula. The formul a of Posthumus et al. (42) is a complex formula . It is similar to the VSP formula in that there is a fat recovery factor (Kr), and moisture is portioned evenly between fat and fat-free dry cheese. It differs in that I) salt and whey solids are related to the casein , 2) sa lt and whey solids are entered in the formula as separate factors, 3) casein is estimated from protein content as a proportion "J. [66]
The yield in Table 3 of9.985 kg is close to that of the general formula (sef = 0) of 9.977 kg.
Comparison of Formulas 0/ Lolkema and
Posthumus el al. The estimated yields of Gouda cheese in Table 3 by formulas of Lolkema (30) and Posthumus et al. (42) were close at 10.83 I and 10.807. The PBK formula uses separate factors for whey solids, salt, and for CaH 2 P0 4 in paracasein complex, whereas protein-free whey solids, milk salts, and salt are lumped together by Lolkema (30) . In practice, the IX of PBK and the constants of 1.140 and .0742 of Lolkerna are determined from analyses of cheese, milk, and whey .
The factor for converting milk protein to para-casein in the PBK formula was estimated in Appendix 6 to be .7478 or .7457 . In the Lolkema (30) formula, (P -Kw' P w ) consists, by definition, of para-casein plus resid ual whey proteins from the whey in cheese. The content of whey solids in Gouda cheese IS .0185, of which about 13% would be protein (22) 
